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Neutrinos Mass Hierarchy

Lixin Xu (Dalian University of Technology IDetermining the Neutrinos Mass Hierarchy {



In 1930, to save energy conservation in 5-decays, Wolfgang Pauli
confessed to the astronomer Walter Baade that

I have done a terrible thing today, something which no theoretical physicist
should ever do. | have suggested something that can never be verified
experimentally.
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However, just after less than 30 years, Reines and Cowan discovered the
neutrinos. And now the accelerator experiments have also confirmed that
there are only three generations of light neutrinos which are weakly
interacting:
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But, up to now, we still do not understand the neutrinos mass
spectrum and the real nature of neutrinos as Dirac or
Majorana particles.
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K.A. Olive et al. (Particle Data Group), Chin. Phys. C 38, 090001 (2014).

Lixin Xu (Dalian University of Technology IDetermining the Neutrinos Mass Hierarchy {



Zmy < 0.12 eV 95%,Planck TT,TE,EE+lowE +lensing+BAO
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Figure: Planck 2018: The grey band on the left shows the region with

>~ m, < 0.056 eV ruled out by neutrino oscillation experiments. Mass splittings

observed in neutrino oscillation experiments also imply that the region left of the
dotted vertical line can only be a normal hierarchy (NH), while the region to the
right could be either the normal hierarchy or an inverted hierarchy (IH).

Credits: Planck 2018 results. VI. Cosmological parameters, arXiv:1807.06209 [astro-ph.CO]
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How could/did we study neutrinos
in cosmology?
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How could/did we study neutrinos in cosmology?

Neutrinos play an significant role in cosmology:
(1) Neutrinos interact with charged leptons and hadrons in the primordial
plasma via electroweak interactions.

Ve+n—>e +p Vo+p—et+n

e +p—>v.+n n—>e +Vv,+p

e++n—>Ue+p e +Vv,+p—n,
(2) Neutrinos couple to gravity and contribute to the energy density via
Einstein equations G, = RQT,“,, at the background and the first order
perturbation levels.
(3) Neutrinos decouple and propagate freely along geodesic lines, once the
interaction rate becomes lower than the expansion rate.

Therefore, on the contrary, cosmology also plays an important
role to reveal the nature of neutrinos via the imprints on the
sky, for example CMB power spectrum and matter power
spectrum.
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Big Bang Nucleosynthesis
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BBN Relation

In the early universe with a higher temperature than O(1) MeV the
inter-converting reactions between neutron and proton through the weak
interaction (n+ et < p+ve, n+ V. <> p+e,and n <> p+e” + ) were
sufficiently rapid. In this case the neutron to proton ratio obeys its thermal
equilibrium value,

A n; v A n
% = exp {_mpTJr,ue] = exp {— 7; P —§V€] , (1)

with the mass difference Am,,, = 1.3 MeV. Here we explicitly wrote the
degeneracy parameter of v, to be §,, = p,, /T, with u,, being the chemical
potential of v.. It is remarkable that the electron’s chemical potential g~ must
be much smaller than that of v, because of the neutrality of the Universe

€e = te— /T ~ O(n) < &, with T and 7 being the photon temperature and the
baryon-to-photon ratio, respectively. Accordingly &, affects the freezeout value
of n/p, which can change the light element abundances. In particular *He mass
fraction Y, depends on &, in addition to 1 (or Q,h?) and N,.. Thus Y, is related
to those three parameters i.e., Yp:Y;,(Qth, &., AN,), which is called "the
BBN relation.” But, in this work we take n.;; =3+ 80 (&) 4 22 (£)" = 3.046 and
AN, =0.
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Neutrinos Effects on CMB Power
Spectrum
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Neutrinos at Background

The distribution function for v; and 7; (i = e, u, 7) are given by

1 1
fui(pi) = epi/Tuténi 1 1° fo,(pi) = eri/To—Ei 4 1 (2)

where p; is momentum of v;. &,; = p,;/T, is the degeneracy parameter, i,
being the chemical potential. T, is the temperature of neutrino and related to
that at the present epoch T, as T, = T,o/a with a being the scale factor. The
energy density and pressure of a neutrino species are given by

1 o
pvt+ps = ﬁ/ depvp2+m2(fV+fl7)7 (3)
0

1/002 p2
vt = 5 dp—e—e——= (fo + f7) - 4
Py +p o Jy VW = (fu+17) (4)

where the subscript ¢ is omited for simplicity.
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Using the comoving momentum ¢ = pa, one has the above integral

1/ 3 (Im
v v = G} d 1
pvtp 272 y\/ + ey+f+1 v €+1> ()
Py +py = / ~ <6y+§+1 oy §+1>(6)

where y and m are defined as

q - m
= M= 7
TVO TVO ( )

Y

In principle, the above integrals can be calculated numerically, but if
|€] < O(1) is respected, one can obtain useful approximation in relativistic
and non-relativistic limits.

Lixin Xu (Dalian University of Technology IDetermining the Neutrinos Mass Hierarchy {



Relativistic limit

When m(: @) < 1, up to the 2nd order in m, the energy density and
Y p Y

pressure can be written as
T [~ 1 (am\> 1 1
v+ po - dy (145 (— . (8
prtp 27r2/0 Y y( +2(y) (ey+€+1+ey—€+1> ®
T: [, 1 (am)® 1 1
v T z dy|1—-|(— . (9
Pv P 67r2/0 4 y< 2(y) (ey+5+1+ey5+1> )

These integrals can be performed exactly and we obtain
LTy 30 £€\2 15 /&\4 5 5 £\2
poter = gt H”?(w) 7 (3) }*m“"") {”3(77) H o)

Py +pr = %gﬁ Hl+ 3—70 (%)2 + g (i)(l} - %(amf {1+3 (%)ZH N CE))

1

2
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Non-relativistic limi

When m(— n

= —) > 1, By taking into account the terms up to the 10th order in
) p
&, we obtain
7~T’§'3314 — s_ 17 .0
vty = gglem) [ €(3) + (og )¢” + 75 B 1440§ 103200 14515200° ]
4
v 2 4 10
T [45C(5)+18<(3)§ + (log )" + - é 7767205 3021006 ]

(12)
where ((z) means the Riemann zeta function. Similar calculations also hold for
the pressure, and we have, up to the 10th order in &,

by +pr T, L [454(5) +18¢(3)€” + (log 4)¢* + < 5 L Ew]
672 am 6720 302400
T 1 \3 [2835¢(7) 2 4 6, L .8 1 10
_ . 22U 6T 4 log 4 — 8 .
Ton2 ( ) { + 675¢(5)§" + 45¢(3)€” + (log4)¢” + 1125 201605 ]

am

(13)
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Neutrinos at Perturbation

CMB physics mainly depends on the behavior of three species until photon
decoupling: baryons, electrons and photons. Other species, such as neutrinos,
affect CMB anisotropies in two ways: cosmological background evolution and
contribution to the local gravitational forces. Thus, one should study the
perturbation equations. In the Newtonian gauge in a spatially flat Universe, the
perturbed line element is

ds* = a®(n) [ (1 +2¥(n, &))dn* + (1 — 2&(n, Z))dz?] . (14)

The photon phase-space distribution function is written as

wnan= [ (o temmm) Y

where O, (n, 7, 7) = 6T/T is the relative photon temperature shift. After some
algebra, one has the Boltzmann equation

O, +71-VO, — & +it- VU = an.or(0,0 — O, + it - Tp). (16)

Lixin Xu (Dalian University of Technology IDetermining the Neutrinos Mass Hierarchy {



For the tightly coupling photons, performing the Legendre transformation of
©(n, &, n) with respect to i =7 - k in Fourier space

O (n,k, i) = > (i) (2L + 1)0 (0, k) Pi(p). (17)
1
Now, the Boltzmann equation leads to an infinite hierarchy of coupled equations
@70 = —kOy + 9,
, k Op
671 = g(G’YO - 2@72 + \I/) + aneor % - @71 y
/ k
@’yl = 1 [lg'y(l 1) — (l + 1)@7(1_;'_1)] — aneaTG.ﬂ,l > 2. (18)
oT R d3k ~ -
? = Zalm}ﬁm(n), alm 7YEm k vl(TIOak)’ (19)
1 dk o
Ci = (mtin) = 515 [ FlOlm DPPr(E) (20)
1
obs — obs |2 21
G = g 2 el (21)
—1<m<l

where Pr (k) = As(k/ko)™ 1 is the primordial curvature spectrum.
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For neutrinos, the relative fluctuation of the phase space is defined as

L . fun g0
U, (n,%,q,n) = V}o(nq))
14 9

in the case of standard neutrinos with Fermi-Dirac distribution

fo(n,%,q,7) = f.o(q/[aT, {1+ ©,(n,% n)}]), one has the first oder
expansion in O,

—1, (22)

Lo N
¥, 00,8, 7) = ~0, (0, 7,) 9, 23)
In replacing f,(n,Z,q,n) as a function of ¥, (n, &, q,n) in Boltzmann
equation,

’

v

m\»Q

-V,

v

where € = aF = /q¢% + a?m?.

dlnf,,o ’ €. =
o - 24
T dlng [ " v} (24)

Lixin Xu (Dalian University of Technology IDetermining the Neutrinos Mass Hierarchy {



Similar as photons, expanding ¥, in Legendre polynomials in Fourier space, one
obtains an infinite hierarchy of equations

! qk 'dlnfu()
v, = -Lyg, - =00
v0 e dg
’ qk gk dln fo
v, = Lw,y-20,,)-Lg ,
vl 36( 0 2) 3e dq
’ qk
v = — IV, — (+ 1T [ > 2. 25
vl (2l+1)e[ vi—1) — T+ D)V, 1> (25)

Integrating W,;—¢,1,2, one has the perturbed stress-energy tensor

- —4 2
Spy =Pp,6, = A4ma /q dgefuo(a)¥o,
T _y q2
P, = —a /quqffuo(q)‘I’o,
3 €
_ - —4
By + P00, = amat [ q®daetio(@)v,
-5 4 2 ‘12
@+ Pooy = arat [ Pda fo@va. (26)
o €

contribute to the Poisson equation —k*® = —4ma®G >_, dp; and the potential
slips k2(® — U) = 12nGa? Y, (p; + P;) 0
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Neutrinos Effects on CMB Power Spectrum

Because gravity is sensitive to the total neutrino mass M, = ¥m,,.
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Figure: CMB temperature spectrum for models with M, = 3 x

M, =3 x 0.6eV. The differences can be caused by z.; =

00 1000

0.3eV or

WM

w1+ Z ()43 Neysl"

ds(nLs)/da(nLs), da(nws)/da(nLs) and damping exp[—(1/14)?] with
lg ~ kq(no —nrs) and kg = 27 /r4. Here the difference is mainly due to the

LISW effect and EISW effect, gravitationally driven oscillations effect and
diffusion damping.J. Lesgourgues, et al., Cambridge, UK: Cambridge University Press, 2013.
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Neutrinos Effect on the Large Scale
Structures
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For a fluid ¢ with constant sound speed dominating the expansion of the
Universe, the continuity, Euler, Friedmann and Poisson equations, the
density contrast evolves on sub-Hubble scales as

1" / 37_[2
§; +Ho; + <k2 — 22) c26; =0, (27)
where the effective mass (k% — k%)c2 changes sign when k equals to the
Jeans wavenumber. Therefore for neutrinos, the free-streaming length is
defined by analogy with the Jeans length

2T 2 ¢y (n)

Ars(n) = a(n) e 3 Ee)

(28)

Below free-streaming length collisionless particles cannot remain confined

in gravitational potential wells due to the velocity dispersion. For the

nonrelativistic transition, the velocity dispersion is
(p)

T, leV
=Ll 3157 = 158(1 + 2)(—

km s~ ! 29
- - my)ms (29)
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After the non-relativistic transition, the free streaming scale of neutrino
changes from the Hubble scale to

o H(z) rmy 1
= 0.776(1 2 M
s = 0.T76(1 4 2) = (16\/) hMpcL, (30)
which has a minimum at z = z,,, = (zogis=1ay) — 1
1/2
K = Kgo(zar) ~ 00178012 (£2) " AMpe™, (31)

in the matter domination, considering H(z)/Hy ~ 9%2(1 + 2)3/2. Here,
the scale ky, is the largest scale that can be affected by the presence of

neutrino fluctuation. On smaller scales k > k-, density fluctuations are

washed out, while on larger scales k < k,, neutrino behaves as cold dark
matter.
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Thus, at sufficiently small scales k > k., the power spectrum of matter
P(k) is depressed due to the lack of neutrino power. This is due to the
modification of the linear evolution of density perturbation at small scales
k > ky, by the presence of the neutrino

§" + 2HS' = 4nGpa*(1 — f,)9, (32)

where § = 6pp,/pm with p,, and dp,, being the density and the
overdensity of matter respectively; the prime denotes the derivative with
respect to the conformal time 7, and f, reads as

Ql,hQ _ 1 Zz m,jji
O,,h2  Q,h294.14eV’

fv= (33)

In an Einstein-de Sitter universe, one has a simple solution of the Eq. (32)
0 ox ab, (34)

where p ~ 1 —3f,/5.
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From 0 o aP, one can derive the suppression of P(k) goes as follows: the
growth from matter-radiation equality epoch a4 to the present qay is

= (14 zeq) (L 20q) "5 = (L zgg)e 350420 (35)

The power spectrum P(k) is the variance of the fluctutions ¢ in Fourier
space, so massive neutrinos suppress it by the same factor as it suppresses

52 ie.
Pk, fo) = Pk, fy =0)
P(k, f, =0)
We assume that §2,,, is the same for the scenarios with and without
massive neutrinos, hence (1 + z¢4) ~ 2390092,,,h2. For the Planck 2015
results, ©,,h? = 0.14205. This gives the suppression of the matter power
spectrum M ~ —8.4f,.

fy In(1 + zeq)- (36)
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Figure: Ratio of the matter power spectrum including three degenerate massive
neutrinos with density fraction f, to that with three massless neutrinos. The
parameters (wm, 24) = (0.147,0.70) are kept fixed, and from top to bottom the
curves correspond to f, = 0.01,0.02,0.03,...,0.10. The individual masses m,,
range from 0.046 to 0.46 eV, and the scale &y, from 2.1 x 1073h Mpc~! to
67 X ].Oigh MpCil as ShOWn on the tOp Of the figure.J, Lesgourgues, S. Pastor, 2006,PR, 429 307

Lixin Xu (Dalian University of Technology IDetermining the Neutrinos Mass Hierarchy {



Neutrinos Mass Hierarchy
Parameter A = (mg — m1>/<m1 + m3>




Since |Am3,| = |m3 — m?| = 2.5 x 1073 eV?, we introduce a new
parameter, named the neutrino mass hierarchy parameter,
m3g — my

37
my1 +mg3 (37)

to measure the neutrino mass hierarchy. The positive (negative) sign of A
denotes the normal (inverted) mass hierarchy. This mass hierarchy
parameter is dimensionless and can vary in the range [—1,1]. Taking into
account the neutrino oscillation experiments, the three neutrino mass
eigenvalues are given by

1-A 5
my = m\/mmgﬂ» (38)

my = \/m%+Am§1, (39)
14 A
ms = + 1/|Am31 (40)
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The minimum eigenvalue of neutrino masses is m for A > 0 (NH) or mg for
A < 0 (IH). The lightest neutrino is massless if A =1 for NH or A = —1 for IH.
From the above equations, the total neutrino mass is given by

[Am3, | (1—A)2 >, my
my = +y——|AmZ |+ Am2, Q, = F¥X T . 41
; v N 4|A| 1ams| 21 7 T 93.14h2 eV 1)

The total neutrino mass as a function of A is illustrated as
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Figure: The total neutrino mass vs hierarchy parameter A.
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Figure: The effects of hierarchy parameter A on the matter power spectrum at
z=0.
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Using Planck 2015 LowTEB, TT, TE, EE + BAO DR12(6DFGS, MGS
BOSS DR12 CMASS and LOWZ and RSD) + JLA SN + HST 2016(
Hy=73.03+ 1.79kms_1Mpc71) for the six-parameter based ACDM
model.

Parameters Flat Priors 68% limits
O h? [0.005, 0.1] 0.02237 4+ 0.00014
Q.h? [0.001, 0.99] 0.1177 +£0.0010
1000, ¢ [0.57 10} 1.04095 + 0.00031
T [0.017 0.8] 0.078 £0.016
In(10194,) 12, 4] 3.086 + 0.032
n [0.8,1.2] 0.9697 £ 0.0038
H, [40, 100] 67.03 £ 0.48
Qa — 0.6942 4+ 0.0062
Q. — 0.3058 4+ 0.0062
os — 0.815£0.013
Zre — 9.89 157
A (95%) [F1,1] —1<A<-0400r032<A<1
DHEAC0 - <0.030
mif eV (95%) - <0.024
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Figure: The 1D marginalized distribution and 2D contours for interested model
parameters with 68% and 95% confidence levels.




1. We propose a parameter (A = (ms — my)/(m1 + m3)) to measure the
neutrinos mass hierarchy, namely the positive (negative) sign of A for
normal (inverted) mass hierarchy. All of the neutrino masses are
determined by A if the results of neutrino oscillation experiments are
utilized

2. We find that both the CMB and matter power spectra are sensitive to
the total neutrino mass, not the mass hierarchy.

3. The normal hierarchy is slightly preferred due to the fact that the
lower total neutrino mass provides a slightly better fit to the current
cosmological data.

Thank You for Your Attention!
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In 1950s, Bruno Pontecorvo first proposed neutrino oscillations inspired by the
K° — KO system. Denoting U the (3 + N,) x (3 + Ny) square mixing matrix, a
particular flavour state can be written as

3+N,
|Va Z k|Vk? =€, [, T,81,.-; SN, (42)

with the normalization conditions (v,|vg) = dap and (v;|v;) = J;;. Massive
neutrinos are Hamiltonian eigenstates, |v,) evolves in time as

3+Ns

e (t) Z U e et (43)

For unitary UTU = 1, one also has |v},) = >_sUpk|vs), and one has

3+Ng
va(t)) = (Z Ugre iEktUBk) va), (44)

B

thus after restriction to active states i/ — U, the coefficient proportional to |v3)

is
34N,

(vg|val(t) Z Ul e BxtUgy. (45)
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Thus one gets the probability that on performing a measurement of neutrino
flavour at time ¢ one detects a flavour

3+N,
P, s = (vglva(t) Z > UspU Uﬁje_z(Ek_Ej)t. (46)
k,j=1

For relativistic neutrinos

E;=\/Ip?+m? =~ |p| + |£,| (47)

one gets

34N, 2
2 * * ~Amkj
Py (1) = alva ) = 3, UssUsilUsiUsj exp | —igzet | (48)
k,j=1

where Am%j = mi — m?. Replacing the time ¢ with distance L/c, one obtains

34Ny Am%
VQ—Wg Z U;kUﬁkU;jUﬂj exp <_Z 2|]5,|J L) . (49)
k,j=1
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. 34N, _ 3+N, 34N, 34N,
Since 3321 =D ks, Tt 2k +2ke; » one has

3+ N 3+Ng Ami
P, (L) = Z |Uak|2|U5k|2+2Re Z U;kngU;jUgj exp <—i JL)

k=1 k>j 2‘231
(50)
Using the fact Py, _,,, (L = 0) = Y3 -Y UX UprUz;Usj = 6ap and
cos(260) = 1 — 2sin?(#), the above equation can also be rewritten as
Am?
Pyny(L) = Gap—4 Re[UsUsiUs;Us;) sin® M,
i
j
Am?2
+ 2 Im [U3UpeUs,Up;] sin M. (51)
2
J
The survival probability for « = 3 is
Am?2
Py (L) =1 =4 U *|Uay? sin® M. (52)
= 2|p]

And the total transition probabilityis 1 — P,__,,_(L).
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If the neutrino production or detection occurs on a distance whose uncertainty is
much larger than the oscillation lengths L°¢ = 4n|pl/Am, the expression
should be averaged over distances larger than L73¢, one has

34N,
Pyssus (L) = Y UarP|Usk|. (53)
Similarly, for the antineutrinos,
34Ny Am
Pﬂaﬁyﬁ Z U; kUBk: Uﬂ] €exXp ( 2|25%CJL> y (54)
k,j=1

and the difference

Poosvy(L) = Prsiy (L) = 4 Im [UzUsiUZ;Usj) sin< T L) (55)

k>j

can be used to check the CP violation (|v,) & [7«)). That can only be found in
flavour transition processes due to the fact Im [U;kUakU;jUaj] =0 for any k, j.
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Daya Bay Experiments for lllustration

Using |Am3,| ~ |Am3,| > Am3, and |Ue.s|?> = sin? 613 < 1, one has

. . Am32,L
Py, _p. (L) = 1 — sin® 20,3 sin* <1 27T ——— | _?il (56)
4 =
Q0 ]
..‘ detectors \ .
Y * 1548
A 1540 &
1912 "!‘I?*l;\:q:{ = 3
e 3’1 e ‘}.,. -
A
Near
® detectors detectors ” """ 228 ’
H reactors b-" Y ’ Ling Ao I1 Plant
™., distance (meters) 1348 :80
?183:'?; ‘ Ling Ao I Plant
Near coo--
detectors . .
¥ 364
. . Daya Bay Plant
A
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In the global fit for the whole set of parameters
(6m?, sin 012, sin 013, sin? fag, |Am?|,6/7) (57)

Results of the global 3v oscillation analysis. Fogli,G.L.,etal.2012.Phys. Rev.D,86,013012.

Parameter Best fit 1o range 20 range 30 range
5m?/1075 eV? (NH or IH) 7.54 7.32-7.80 7.15-8.00 6.99-8.18
sin? 01,/10~" (NH or TH) 3.07 2.91-3.25 2.75-3.42 2.59-3.59
Am?/1073eV? (NH) 243 2.33-2.49 2.27-2.55 2.19-2.62
Am?/10~3eV? (IH) 242 2.31-2.49 2.26-2.53 2.17-2.61
sin? 613/1072 (NH) 2.41 2.16-2.66 1.93-2.90 1.69-3.13
sin? §y3/1072 (IH) 2.44 2.19-2.67 1.94-2.91 1.71-3.15
sin? 6,3/10~" (NH) 3.86 3.65-4.10 3.48-4.48 3.31-6.37
sin? 6,3 /107" (IH) 3.92 3.70-4.31 3.53-4.84  5.43-6.41 3.35-6.63
8/ (NH) 1.08 0.77-1.36 - -

8/m (IH) 1.09 0.83-1.47 - -

2 2
where m? = m3 —m3? and Am? = m3 — ™2™ And, Am? > 0(< 0)
corresponds to the normal (inverted) mass spectrum hierarchy.
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